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Context
The resonant electromagnetic behavior of nanostructures is
essential for the analysis and engineering of the field-matter interaction
Compared to the direct solution, the characterization of the scattering by 
nanostructure in terms of resonances and modes
• offers intuitive insights into the physics of the problem
• enables the rigorous comprehension of interference phenomena, 

including Fano resonances, as the interplay among well-identified modes
• suggests how to shape the excitation to achieve a prescribed tailoring of 

the scattering response
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Motivation
Accurate and efficient solutions of integral formulations heavily depends on 
the choice of basis functions.
• Analytic entire domain basis function may be generated in all coordinate 

system where the Helmholtz equation is separable
• A different strategy to generate entire domain basis function even in 

irregular domains  is by introducing a convenient auxilirty eigenvalue 
problem (Example: Characteristic modes)

Subject of the research is to look for a basis set that can simultaneously 
simplify the numerical solution of 

electromagnetic scattering problems from a given object at multiple 
frequencies
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Static Basis
Key Idea: Helmholtz decomposition à any sufficiently smooth vector 
field can be resolved into the sum of two terms
• An irrotational and non-solenoidal vector field
• A solenoidal and rotational (non zero curl) vector field

Static longitudinal                                            Static transverse
current modes                                                  current modes

Convenient low level (sub-domain)
basis functions: loop-star
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Static longitudinal current modes

The longitudinal modes are solution of the auxiliary eigenvalue problem

where

Its spectrum has the following properties
• The set of eigenvalues  and the set of eigenfunctions are infinite countable
• The eigenvalues are real and positive
• The eigenfunctions associated to non-degenerate eigenvalues are 

orthogonal according to the scalar product
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Static Green function



Static longitudinal current modes

• The eigenvalues and the modes depend on the shape of the particle, but 
are independent of both particle material and frequency of operation

• For a spherical surface of unit radius the eigenvalues have the following 
analytical expression

The eigenvalues are 
compared with their
analytical counterpart
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Static transverse current modes

The transverse modes are solution of the auxiliary eigenvalue problem

where

Its spectrum has the following properties
• The set of eigenvalues and the set of eigenfunctions are infinite countable
• The eigenvalues are real and positive
• The eigenfunctions associated to non-degenerate eigenvalues are 

orthogonal according to the scalar product
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Static transverse current modes

• The eigenvalues and the modes depend on the shape of the particle, but 
are independent of both particle material and frequency of operation

• For a spherical surface of unit radius the eigenvalues have the following 
analytical expression

The eigenvalues are 
compared with their
analytical counterpart
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Numerical generation of the static basis

The numerical auxiliary eigenvalue problems are respectively 

Longitudinal Eigenfunctions
• For longitudinal modes                                   Longitudinal Eigenvalues

• For transverse modes

Transverse Eigenvalues
Transverse Eigenfunctions
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Orthogonality and Gram matrices
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If theoretically the mutual 
product between a transverse 
and a longitudinal static mode 
vanishes, this is verified only 
approximately numerically 

In order to test orthogonality of 
discrete longitudinal and  
transverse static modes the Gram 
matrix is evaluated.



Poggio-Miller-Chang-Harrington-Wu-Tsai
Surface Integral Formulation

The effectiveness of the static base has been demonstrated through its use in 
the Galerkin projection of the PMCHWT Surface Integral Formulation
• Let us consider a linear, non-magnetic, homogeneous, isotropic object 

which occupies the volume Ω
• The object is illuminated by a time harmonic electromagnetic field
• The material has permittivity                and permeability                .  .

It is surrounded by a background medium with permittivity
and permeability 
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Poggio-Miller-Chang-Harrington-Wu-Tsai
Surface Integral Formulation

The equivalent electric and magnetic surface current densities are solution
of the following Integral problem

where

EFIE operator

MFIE operator
•

• is  the excitation vector

• is the unknown vector composed by the surface currents
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Galerkin projection
By representing
• any element of the space of 

transverse functions in term 
of the transverse static modes

• any element of the space of
longitudinal functions in term
of the longitudinal static modes

the following discrete counterpart is obtained
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Galerkin projection

In this case, the discrete operators have a block structure with the following 
properties

• Each matrix has                           x                                                      elements
• The static modes diagonalize static operators          and 
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Result analysis- Silicon spherical particle
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Relative error on the scattering efficiency

Relative error on the equivalent
surface current

Reference loop-star solution

Reference loop-star solution

• Symmetry with respect to the main diagonal
• With                            :                  < 0.01
• With                            :                < 0.1
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Result analysis- Silicon spherical particle

The scattering efficiency as a function of the wavelength of the
exciting, linearly polarized, plane wave
• Different solution using increasing truncation numbers

have been considered
• The analytic Mie solution has been used as reference

(black dashed line)

Low frequency à
With Truncation number =5
good agreement is ensured

High frequency à
With Truncation number =10
good agreement is ensured
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Result analysis- Sphere

High permittivity sphere

Error in the evaluation of the scattering efficiency and of the equivalent
surface currents as a function of the incident wavelength

Gold sphere



Result analysis-Plasmon rod
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The first 16 longitudinal static modes
(sorted accordingly to their eigenvalue)

Rod with semi-axis 1:0.5:0.25

The first 16 transverse static modes
(sorted accordingly to their eigenvalue)
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Result analysis- Dielectric rod

The scattering efficiency as a function of the wavelength of the
exciting, linearly polarized, plane wave
• Different solution using increasing truncation numbers

have been considered
• The loop-star solution has been used as reference

(black dashed line)

Wavelength >> dimension à
With Truncation number =15
good agreement is ensured

Wavelength comparableà
With Truncation number =55
good agreement is ensured
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Result analysis- Plasmon rod

High permittivity rod

Error in the evaluation of the scattering efficiency and of the equivalent
surface currents as a function of the incident wavelength

Gold rod



Conclusions

• For objects of individual size comparable to the wavelength of operation only few 
modes are sufficient to describe the emergent scattering response. 

• The decomposition of the retarded Green function in the static Green function and 
a proper difference makes the integral operators diagonalized.

• The use of static modes combined with a suitable rescaling and rearranging of the 
unknowns makes the formulation immune to low-frequency breakdown.

• The static modes only depend on the shape of the object: the same static basis can 
be used regardless of the operating frequency and material of object à this fact 
enables the description of any scattering scenario involving one or more particles 
of a given shape in terms of the same “alphabet” of basis function.
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